The aim of this letter is to check the ultra-relativistic limit of a recent model proposed by Pennisi and Ruggeri [Ann. Phys. 377, 414 (2017)] for a relativistic gas with internal structure. Considering an Eulerian fluid we prove that there exists a critical value of the degree of freedom such that for smaller values of this quantity the ultra relativistic limit of the energy of a gas with structure is the same as the Synge energy for monatomic gases, while for larger degrees of freedom the energy increases with the degree of freedom itself. The limiting equations are accompanied with the explicit expression of the characteristic velocities of the hyperbolic system.
INTRODUCTION
In a recent paper Pennisi & Ruggeri have presented a casual relativistic theory for a non-equilibrium rarefied gas with internal structure [1] . The mesoscopic justification of the theory is the relativistic kinetic theory with a distribution function that, as in the classical case, depends on an additional continuous variable representing the energy of the internal modes. This permits the theory to take into account the energy exchange between translational modes and internal modes of a molecule in binary collisions. The theory includes the ET theory of relativistic gases by Liu-Müller-Ruggeri [2, 3] as a singular limit and in the classical limit converges to the model of Extended Thermodynamics for a polyatomic gas [4, 5] . Therefore we have called the theory Relativistic Extended Thermodynamics of rarefied polyatomic gas. In reality, as well written in the recent book by Rezzolla and Zanotti [6] "relativistic fluid is constructed around the concept of a fluid as a system whose large-scale properties can be described effectively without having to worry about the features that the constituent elements have at much smaller length-scales". Thus we expect that our theory is a more refined model, able to account also for the internal motion. The theory is motivated at the kinetic level by a modified Jüttner equation in which the distribution function depends also on an internal energy that takes into account the internal motion (rotation and vibration) [1] . In this letter we want to analyze in the simple case of non dissipative gas what happens in the ultra relativistic limit i.e when the ratio
is very small (m is the particle mass, c the light velocity, k B the Boltzmann constant and T the absolute temperature) and to compare our theory with the one for a relativistic Eulerian fluid equipped with Synge energy. In this limit the bodies are so extremely hot that the mean kinetic energy of particles surpasses the rest energy or the mass is extremely small. This condition is particularly interesting in some limiting cases of nuclear physics or in some extreme astrophysical problematics. [6] [7] [8] [9] .
THE RELATIVISTIC NON DISSIPATIVE MODEL OF RAREFIED GAS WITH INTERNAL STRUCTURE
Let us consider a non dissipative gas based on the conservation laws of particle number and energy momentum
where ∂ α = ∂/∂x α with x α being the space-time coordinates α = 0, 1, 2, 3.
where U α is the four-velocity (
, n is the number density, p is the pressure, h αβ is the projector tensor:
being the metric tensor, e is the energy. In this case T , nU α , are assumed to be independent variables. For a fluid without internal structure, as it is well known, the equations (1) can be obtained as the first 5 moments of the Boltzmann-Chernikov equation
(p α is the four-momentum with the property p α p α = m 2 c 2 , and Q is the collisional term) when we suppose that the distribution function f (x α , p α ) is coincident with the equilibrium Jüttner distribution function:
where K m (γ) denotes the Bessel function of second kind. In correspondence with the Jüttner distribution function we have the following expression for pressure and energy:
The expression of energy in (4) is called the Synge energy [6] [7] [8] .
In [1] starting from the classical idea for polyatomic gas introduced in [5, [10] [11] [12] [13] [14] we proposed a generalized BoltzmannChernikov equation (3) 
). By analogy with the classical case we consider the following moments:
where
The form of these equations is dictated by analogy with the classical case in which it was necessary to introduce a distribution function with an extra variable taking into account the internal degrees of freedom of a molecule. The meaning of (5) 2 is that the energy and the momentum in relativity are components of the same tensor and we expect that, besides the energy at rest, there is a contribution due to the degrees of freedom of the gas because of the internal structure, as in the case of a classical polyatomic gas. φ(I) is the state density of the internal mode, that is, φ(I) dI represents the number of the internal states of a molecule having the internal energy between I and I + dI.
In the classical limit, when γ → ∞, the internal energy
converges to the one of a polyatomic gas:
provided that the measure
where the constant
and D = 3 + f i is related to the degrees of freedom of a molecule given by the sum of the space dimension 3 for the translational motion and the contribution from the internal degrees of freedom f i ≥ 0 related to the rotation and vibration. For monatomic gases D = 3 and a = −1. In the following we assume, that the measure remain the same form as (8) for any γ. This choice is justified mathematically in [1] .
In [1] it was first considered a non dissipative gas of Euler type and it was required that the generalized entropy
has a maximum under the constraint that the 5 moments (5) are prescribed. In this way in [1] the present authors founded the equilibrium distribution function that generalizes the Jüttner one:
with A(γ) given by
The pressure and the energy for polyatomic gases, compatible with the distribution function (10) are [1] :
We remark that the pressure has the same expression for a monatomic and for a polyatomic gas, while (11) 2 is the generalization of the Synge energy to the case of polyatomic gases. When the measure φ(I) coincides with the delta of Dirac φ(I) = δ(I) then (11) converges to the relation for a monatomic gas (4).
THE ULTRARELATIVISTIC LIMIT FOR NON DISSIPATIVE POLYATOMIC GAS
In the ultra-relativistic limit γ → 0 the Synge energy for a monatomic gas (4) 2 , converges, as well-known, to lim γ→0 e Singe = 3nk B T = 3p. This result is obtained by (4) 2 taking into account that for γ 1, we have
Now we want to analyze the ultrarelativistic limit for the energy of a polyatomic gas (11) 2 , with φ(I) given by (8) . We prove the following:
Statement 1
The energy of gas with structure (11) 2 in the ultra-relativistic limit converge to lim γ→0 e = 3nk B T = 3p ∀ − 1 < a ≤ 2, and
The proof can be done analytically but it requires some non trivial calculations that we will present elsewhere. Here we refer to numerical results (see Fig.1 ) that are in perfect agreement with the statement. We notice from Fig.1 , as we expect, that the limiting energy is the same as the limit of the Synge energy for a monatomic gas, not only for a → −1, but also for any −1 < a ≤ 2, i.e for moderate degrees of freedom. This fact seems to indicate that in the ultra-relativistic regime, due to the dissociation, any polyatomic gas becomes a sort of monatomic one. On the other hand, the surprising result is that for a > 2 this is not anymore true and the energy becomes more larger, increasing linearly with a. This result is difficult to interpret from the physical point of view because from one side we imagine that stable polyatomic gases do not exist for so large temperature. On the other hand, we cannot exclude that in some nuclear physics or astrophysics problems a stable gas with internal structure may exist also in the ultrarelativistic limit with very high temperatures or small mass if the degree of freedom are enough large! If we differentiate eq. (6) with respect T we obtain the specific heat c V as a function of γ. In Fig. 2 we plot the dimensionless specific heatĉ v = c v m/k B as function of γ. For large γ corresponding to the classical regime it converges to the one of a polyatomic gasĉ V = D/2 = a + 5/2 (see (9) , (7)). While for γ → 0, according to the previous statement it converges to 3 for −1 ≤ a ≤ 2 and to a + 1 when a > 2. Moreover, we Fig. 2 shows a strange behavior. In fact, for −1 ≤ a < 1/2 the classical limit is smaller than the ultra-relativistic one and the specific heat is a decreasing function of γ, i.e., an increasing function of the temperature. For a = 1/2 the two limits ultra and classical one are the same and therefore the function decreases, then has a minimum and finally increases. After a > 1/2 the classical limit is greater than the ultra-relativistic one and the specif heat changes behavior and becomes an increasing function of γ, i.e., a decreasing function of T . We hope that there exist experimental data that can confirm this unusual behavior. We notice that the system is in any way hyperbolic and thermodynamically stable, because c V > 0 and the characteristic velocity are finite and smaller than the light velocity as we will see in the next section.
CHARACTERISTIC VELOCITIES IN THE ULTRA-RELATIVISTIC LIMIT
Let λ be the characteristic velocities of the differential system in light speed unity. We want to prove the
Statement 2
The characteristic velocities in the ultra-relativistic limit are:
.
Proof:
The balance equations (1), (2) can be rewritten
The wave equations for the above system can be obtained as is well known with the chain rule:
where ν α is a four-vector restricted only by the conditions ν α ν α = −1 and ν α U α = 0. Therefore we have:
If λ = 0, the eqs. (12) become
So there remains free one of the unknowns δn, δT and the two components of δU α orthogonal to U α and to ν α . We conclude that λ = 0 is an eigenvalue with multiplicity 3. Taking into account that r is constant in the ultrarelativistic limit for the result of Statement 1, if λ 0 the eqs. (12) become We conclude that λ = ± √ 1/r = ± p/e are two eigenvalues with multiplicity one. Jointly with λ = 0 we have a set of five independent eigenvectors and this fact proves the hyperbolicity of the system in the ultra-relativistic limit. Therefore taking into account the Statement 1 the Statement 2 is proved. We observe that the characteristic velocities in light speed unity are the same of the one of monatomic gas until −1 ≤ a ≤ 2 and for a > 2 the non null velocities decay as a square root of 1/(a + 1) when a increase.
The ultra-relativistic limit for the causal dissipative full system proposed in [1] will be published elsewhere soon.
